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Abstract In this work, low temperature thermodynamic behavior in the context of cyclotron
motion of a charged-oscillator with different coupling schemes is analyzed. We find that
finite dissipation substitutes the zero-coupling result of exponential decay of entropy by a
power law behavior at low temperature. The power of the power law explicitly depends on
the nature of the power spectrum of the heat bath. It is seen that velocity–velocity coupling
is the most advantageous coupling scheme to ensure the third law of thermodynamics. The
cases of confinement (ω0 �= 0) and without confinement (ω0 = 0) are discussed separately.
It is also revealed that different thermodynamic functions are independent of magnetic field
at very low temperature for ω0 �= 0, but they depend on cyclotron frequency (ωc = eB/mc)
for ω0 = 0.

Keywords Quantum thermodynamics · Fluctuation phenomena · Brownian motion

1 Introduction

The third law of thermodynamics is an axiom of nature regarding entropy and the impos-
sibility of reaching absolute zero of temperature. The third law was developed by Walther
Nernst and is thus sometimes referred to as Nernst’s theorem or Nernst’s postulate [1–3].
According to Max Planck, the entropy per particle of an N-body system, s0 = S/N , ap-
proaches to a constant value and is determined only by the degeneracy of the ground state,
g [4]. Thus, the constant value of entropy is given by S(T = 0) = kB lng, with kB being
the Boltzmann constant. Therefore, the typical value of entropy in the thermodynamic limit
(N → ∞), s0 = S(T = 0)/N , goes to zero as long as the degeneracy does not grow with
N faster than exponentially [5]. This further implies that thermodynamic functions such
as entropy, specific heat, the isobaric co-efficient of expansion, the isochoric coefficient of
tension etc. all approach zero as T → 0 [6–8].
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But, there are certain simple model systems which do not obey the third law. A well
known exception is the case of non interacting independent particles each accoutered with
spin I , yields the limiting entropy per particle, s0 = kB ln(2I + 1) [9–12]. Another well
known example is that of the classical ideal gas for which entropy per particle, s0 = cV lnT +
kB ln(V/N) + σ , where V is the volume, cV is the specific heat per particle, and σ denotes
entropy constant. It clearly shows that the entropy diverges logarithmically with temperature
as it goes to zero [9–12]. Now, proper accounting of degeneracy factor in the form of Fermi-
Dirac or Bose-Einstein statistics is able to restore the third law for the above mentioned
cases. If we now turn to the case of a free quantum particle for which the specific heat
remains constant at kB/2, clearly violates the third law. On the other hand, Einstein oscillator
shows an exponential suppression of the specific heat as T → 0 [13–15]. However, Hanggi
and Ingold have shown that the low temperature behavior for the above mentioned two cases
changes qualitatively when the system is strongly coupled to a quantum mechanical heat
bath [9–12, 16–18]. This finite dissipation ensures linear decay of entropy with temperature
for the Einstein oscillator as well as for the free quantum particle as T → 0. This observation
enables Hanggi and Ingold to arrive at an interesting conclusion that quantum statistics is
just the first step to ensure third law and a more crucial step to satisfy third law is to make
the system “open” i.e. the system needs to be strongly coupled to a quantum heat bath. This
conclusion is not only interesting in the academic perspective but is relevant for experiments
in nanosystems which are strongly influenced by the environment for their smallness and
large surface to volume ratio [19–22].

The magnetic response of a charged quantum particle has an important bearing on the
problem of Landau diamagnetism [23–29], quantum Hall effect [23, 30, 31], atomic physics
[32], two dimensional electronic systems [33–35]. The further effect of quantum dissipation
because of the coupling with an infinitely large collection of quantum harmonic oscilla-
tors had been investigated in a series of papers by Ford et al. from the point of view of a
quantum Langevin equation (QLE) [36, 37]. These authors have not only considered the
diamagnetic response but have also provided a treatment for the free energy from which all
thermodynamic attributes can be evaluated. The problem of dissipative diamagnetism has
indeed turned out to be illustrative for clarifying the essential role of the boundary mim-
icked by confining the charged particle in a harmonic oscillator potential [25–29]. So, we
discuss separately the ω0 = 0 and ω0 �= 0 cases for the dissipative cyclotron motion of the
charged oscillator. The parabolic potential which considered here is physically realizable in
a quantum dot or in a quantum well nanostructure, the results for ω0 �= 0 are of independent
interest [38, 39].

Here, we are investigating low temperature thermodynamic properties in the context of
cyclotron motion of a charged oscillator with different heat bath schemes. For that purpose
we consider a charged quantum particle in the presence of an external constant magnetic
field when it is in contact with a dissipative quantum heat bath. This kind of analysis is
related with the dissipative quantum mechanics, a subject that has seen a great attention
through the work of Leggett and others [40–42]. The results obtained from these kind of
dissipative quantum systems are of great interest due to the recent widespread interest on
the critical role of environmental effects in mesoscopic systems [19–22], in fundamental
quantum physics, and in quantum information [43–47]. All these recent developments lead
to the subject of quantum thermodynamics and low temperature physics of small quantum
systems [48–51] and people have raised up the question: Does the third law of thermody-
namics hold in the quantum regime? How quantum dissipation can play an important role
in thermodynamic theory? Several authors have tried to settle all these issues. Ford and
O’Connell discussed about the third law of thermodynamics in connection with a quantum
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harmonic oscillator [52, 53]. Recently, P. Hanggi and G.L. Ingold have shown that finite
dissipation actually helps to ensure the third law of thermodynamics [9–12, 16–18]. Fur-
ther investigations has been made by W.C. Yang and J.D. Bao on the influence of various
coupling forms for a harmonic oscillator [54–59]. In this work, we have extended all the
above mentioned studies by considering dissipative cyclotron motion of a charged oscillator
with different heat bath schemes which not only demonstrate the environmental effect in
nanostructure but also illustrate the essential role of boundary.

With this preceding background, we organize the rest of the paper as follows. In the
next section, we introduce the model system and different coupling schemes. In Sect. 3, we
discuss coordinate–coordinate coupling scheme. In this connection, without dissipation and
free quantum particle cases are also analyzed. In addition, explicit results of low tempera-
ture thermodynamical quantities are derived analytically for the Ohmic model, Lorentzian
model, exponentially correlated model, and arbitrary heat bath model. In this connection, the
radiation heat bath case is also analyzed. Section 4 deals with the velocity–velocity coupling
scheme. For all the above mentioned coupling schemes, the cases for ω0 = 0 and ω0 �= 0 are
analyzed separately. Finally, we conclude this paper in Sect. 5.

2 Model System

The starting point of this section is the generalized Caldeira-Legget system-plus-reservoir
Hamiltonian for a charged particle of mass ‘m’ and charge ‘e’ in a magnetic field B in the
operator form [60–63]:

Ĥ = (p̂ − eA/c)2

2m
+ V (r̂) +

N∑

j=1

[
1

2mj

(
p̂2

j + m2
jω

2
j q̂

2
j

) + g(r̂, p̂, q̂j , p̂j )

]
, (1)

where {r̂ , p̂} and {q̂j , p̂j } are the sets of co-ordinate and momentum operators of system and
bath oscillators. They follow the following commutation relations

[r̂α, p̂β] = i�δαβ, [q̂iα, p̂jβ] = i�δij δαβ, (2)

where α, β denote components of the above mentioned operators along x, y direction re-
spectively. Equation (1) includes two types of bilinear coupling between the system and the
environmental degrees of freedom. For the usual coordinate–coordinate coupling [60, 61],

g = −cj r̂ q̂j + c2
j r̂

2

2mjω
2
j

, (3)

and finally for system velocity and environmental velocity coupling [55, 64],

g = −ej

p̂p̂j

mmj

+ e2
j p̂

2

2mjm2
. (4)

The additional terms appearing in the coupling are in order to compensate coupling induced
potential and mass renormalization [65].

Now, we are interested in investigating low temperature thermodynamic behavior of the
model system described above. For this purpose, we need to calculate the free energy of the



606 M. Bandyopadhyay

system exactly. This is a non-trivial quantity to calculate and the details of its derivation can
be found in [66, 67]. The free energy of the charged magneto-oscillator is given by [68–70],

F = 1

π

∫ ∞

0
dωf (ω,T )�

[
d

dω
ln

(
detα(ω + i0+)

)]
, (5)

where α(ω) denotes the generalized susceptibility of the model system and f (ω,T ) is the
free energy of a single oscillator of frequency ω and is given by

f (ω,T ) = kBT log

[
1 − exp

(
− �ω

kBT

)]
, (6)

where we have ignored the zero-point contribution which does not contribute in specific heat
or in entropy. This formula is remarkable in the sense that it expresses oscillator free energy
exactly in terms of single integration over the oscillator susceptibility alone. Now, we can
rewrite (55) as follows [69, 70]:

F(T ,B) = F(T ,0) + �F(T ,B), (7)

where

F(T ,0) = 3

π

∫ ∞

0
dωf (ω,T )I1 (8)

is the free energy of the oscillator in the absence of the magnetic field, I1 = �[ d
dω

lnα(0)(ω)],
α(0)(ω) is the scalar susceptibility in the absence of a magnetic field and the correction due
to the magnetic field is given by

�F(T ,B) = − 1

π

∫ ∞

0
dωf (ω,T )I2, (9)

where I2 = �{ d
dω

ln[1 − ( eBωα(0)

c
)2]}. The function f (ω,T ) vanishes exponentially for ω �

kBT

�
and hence all the integrand in (8) and in (9) are confined to low frequencies. Thus,

one can easily obtain an explicit results by considering the ω → 0 limit results of the factor
multiplying f (ω,T ).

The scalar susceptibility for a harmonic oscillator in the absence of a magnetic field is
given by [69, 70]

α(0)(ω) = 1

m(ω2
0 − ω2) − iωγ̃μ(ω)

, (10)

where

γ̃μ(ω) =
∫ t

0
dt ′γμ(t ′)eiωt ′ . (11)

Here μ = 1,2 and denotes the subscript for two different coupling schemes. The memory
kernel is given by

γμ(t) = 2

mπ

∫ ∞

0
dω

Jμ(ω)

ω
cos(ωt). (12)
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Fig. 1 (Color online) Plot of
γ̃ (ω) versus dimensionless
frequency ω

ω0
for the

coordinate–coordinate coupling
scheme (red filled circle; Ohmic,
Drude, Loretzian), for the
radiation heat bath scheme (blue
filled square) and for the
velocity–velocity coupling
scheme (black filled diamond).
To plot this figure, we use


� = 1.0, m = 1.0, and γ = 1.0

In (12), Jμ(ω) denotes the spectral density function of the heat bath oscillators for different
type of coupling schemes and is given as follows:

J1(ω) = Jc−c(ω) = π

N∑

j=1

c2
j

2mjωj

δ(ω − ωj ), (13)

J2(ω) = Jv−v(ω) = π

N∑

j=1

e2
j

2mj

ω3
j δ(ω − ωj ). (14)

To show the distinct behavior of different kind of coupling schemes, we plot the power
spectra of the memory friction function in Fig. 1 for the coordinate–coordinate (c–c) and
velocity–velocity (v–v) coupling schemes.

We can calculate I1 and I2 explicitly. The expressions are given as follows:

I1 = mγ̃μ(ω)(ω2
0 + ω2) + mωγ̃ ′

μ(ω)(ω2
0 − ω2)

[m2(ω2
0 − ω2)2 + ω2γ̃ 2

μ(ω)] , (15)

and

I2 = 2
mγ̃μ(ω)(ω2

0 + ω2) + mωγ̃ ′
μ(ω)(ω2

0 − ω2)

[m2(ω2
0 − ω2)2 + ω2γ̃ 2

μ(ω)]

− mγ̃μ(ω)(ω2
0 + ω2) + mωγ̃ ′

μ(ω)(ω2
0 − ω2 + ωωc)

[m2(ω2
0 − ω2 + ωωc)2 + ω2γ̃ 2

μ(ω)]

− mγ̃μ(ω)(ω2
0 + ω2) + mωγ̃ ′

μ(ω)(ω2
0 − ω2 − ωωc)

[m2(ω2
0 − ω2 − ωωc)2 + ω2γ̃ 2

μ(ω)] , (16)

where ωc = eB
mc

is the cyclotron frequency. Thus, our main task is to find free energy F at low
temperature. Then, one can easily derive other thermodynamic functions at low temperature.
For example, entropy is defined as

S = −∂F

∂T
. (17)

We have now all the essential ingredients to calculate thermodynamic functions.
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3 Coordinate–Coordinate Coupling Scheme

First, let us consider the usual case of the system’s coordinate coupled with the coordinates
of the heat bath. This kind of coupling can be realized experimentally in the case of a RLC
circuit driven by a Gaussian white noise. In this connection, we analyze the free particle
and without dissipation case. In addition, we examine the decay behavior of entropy with
temperature for Ohmic, Lorentzian, Drude, radiation and arbitrary heat bath models. The
results for ω0 = 0 and ω �= 0 are separately discussed for all these cases.

3.1 Free Oscillator: No Dissipation

The limit of without dissipation can easily be obtained by taking γ̃μ(ω) = 0. Thus,

α(0)(ω) = − 1

m(ω2 − ω2
0)

, (18)

and
[

1 −
(

eBω

c

)2

[α(0)(ω)]2

]
= [(ω2 − ω2

0)
2 − (ωωc)

2]
(ω2 − ω2

0)
2

, (19)

where ωc = eB
mc

is the cyclotron frequency. For this case,

I1 = �
{

d

dω
lnα(0)(ω)

}
= π

[
δ(ω − ω0) + δ(ω + ω0)

]
, (20)

where we have used the identity

1

ω − ωj + i0+ = P

[
1

ω − ωj

]
− iπδ(ω − ωj ). (21)

Thus,

F(T ,0) = 3f (ω0, T ). (22)

Similarly, one can show that

�F(T ,B) = f (ω1, T ) + f (ω2, T ) − 2f (ω0, T ), (23)

where ω1,2 = ±ωc

2 + [ω2
0 + ( ωc

2 )2] 1
2 . Hence

F(T ,B) = f (ω0, T ) + f (ω1, T ) + f (ω2, T ). (24)

At low temperature free energy becomes

F(T ,B) = −kBT
(
e

− �ω0
kBT + e

− �ω1
kBT + e

− �ω2
kBT

)
. (25)

Finally, entropy of the system is given by

S(T ,B) = kB

[(
1 + �ω0

kBT

)
e

− �ω0
kBT +

(
1 + �ω1

kBT

)
e

− �ω1
kBT

(
1 + �ω2

kBT

)
e

− �ω2
kBT

]
. (26)

Thus, it can be concluded that entropy, S(T ), vanishes exponentially when T → 0 for a free
particle.
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3.2 Ohmic Heat Bath

For pure Ohmic heat bath, one can take γ̃1(ω) = mγ , where γ is friction constant. Thus, the
response function in the absence of magnetic field becomes

α(0)(ω) = [
m(ω2

0 − ω2) − imωγ
]−1

. (27)

Thus,

I1 = γ (ω2 + ω2
0)

(ω2 − ω2
0)

2 + γ 2ω2

ω→0� γ

ω2
0

.

Similarly,

−I2
ω→0� γ

ω2
0

+ γ

ω2
0

− 2
γ

ω2
0

= 0.

Hence, free energy of the system at low temperature can be written as

F(T ) = 3kBT γ

πω2
0

∫ ∞

0
dω ln

[
1 − exp

(
− �ω

kBT

)]
. (28)

The following integral is relevant for our calculation throughout this paper:

∫ ∞

0
dyyν log(1 − e−y) = −
(ν + 1)ζ(ν + 2), (29)

where 
 is gamma function and ζ is Riemann’s zeta function. Using this integral, one can
show

F(T ) = −π

2
�γ

(
kBT

�ω0

)2

. (30)

Hence, entropy is given by

S(T ) = π�γ
k2

BT

(�ω0)2
. (31)

As T → 0, S(T ) vanishes linearly with T which perfectly matches with third law of thermo-
dynamics. It shows the usual Ohmic friction behavior of linear decay. Also, one can notice
that decay slope is directly proportional to γ .
Now, one can consider the case for ω0 = 0 for the same charged particle in an external
constant magnetic field in contact with a Ohmic bath. For this case,

I2(ω)
ω→0� −2γ

γ 2 + ω2
c

+ 2

γ
, (32)

and I1 = 1/γ . Thus, the free energy becomes

F(T ,B) = − π

6�

(
2γ

(γ 2 + ω2
c )

+ 1

γ

)
(kBT )2. (33)
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The decay behavior of entropy follows

S(T ) = π

3�

[
2γ

γ 2 + ω2
c

+ 1

γ

]
k2

BT . (34)

This behavior is quite different from that of (31). The prefactor depends on cyclotron fre-

quency. For strong magnetic field, it leads to S(T ) � 2πγ

3�

k2
B

T

ω2
c

. On the other hand, in the weak

magnetic field we obtain S(T ) � π
�

k2
B

T

γ
.

3.3 Free Particle: With Dissipation

Next, we consider a free quantum Brownian particle in contact with a Ohmic heat bath for
which

α(0)(ω) = [−mω2 − imωγ ]−1. (35)

Thus, we have I1 = γω2

(ω4+γ 2ω2)

ω→0� 1
γ

, and I2 = 0. Free energy for the free Brownian particle
is given by

F(T ) = −π

2
�γ

(
kBT

�γ

)2

, (36)

and the decay behavior of entropy becomes [58, 59]

S(T ) = πk2
BT

�γ
. (37)

Unlike (31), the slope of the entropy for free particle in presence of dissipation is inversely
proportional to γ .

3.4 Lorentzian Power Spectrum

Now, we consider that the environmental oscillators have a power spectrum with a narrow
Lorentzian peak centered at a finite frequency not at zero. Thus, the Fourier transform of the
memory function is

γ̃1(ω) = mγ�4


2ω2 + (�2 − ω2)2
, (38)

where γ denotes the Markovian friction strength of the system, 
 and � are the damping
and frequency parameters of the harmonic noise [72]. Now,

I1 = m2γ�4DA − m2γ�4ωA′C
m2C2A2 + 4m2γ 2�8ω2

ω→0� γ

ω2
0

,

where A = [
2ω2 + (�2 − ω2)2], A′ = dA
dω

, C = (ω2
0 − ω2) and D = (ω2 + ω2

0) and

−I2 = m2γ�4DA − m2γ�4ωA′C1

m2C2
1A

2 + 4m2γ 2�8ω2
+ m2γ�4DA − m2γ�4ωA′C2

m2C2
2A

2 + 4m2γ 2�8ω2
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− 2
m2γ�4DA − m2γ�4ωA′C

m2C2A2 + 4m2γ 2�8ω2

ω→0� γ

ω2
0

+ γ

ω2
0

− 2
γ

ω2
0

= 0,

where C1 = (ω2 − ω2
0 + ωωc) and C2 = (ω2 − ω2

0 − ωωc). Thus free energy of our model
system for the Ohmic heat bath with Lorentzian peak power spectrum is given by

F(T ) = −π

2
�γ

(
kBT

�ω0

)2

. (39)

Hence, the decay behavior of entropy is again the same as of (31).
Let us discuss the case of ω0 = 0 for the same kind of Lorentzian spectrum. For this case

I2
ω→0� − 2γ

γ 2+ω2
c

and I1 = 0. Thus, free energy of this charged magneto-oscillator with ω0 = 0
and in contact to a heat bath with Lorentzian spectrum is given by

F(T ) = − πγ

3�(γ 2 + ω2
c )

(kBT )2, (40)

and entropy is given by

S(T ) = 2πγ

3�(γ 2 + ω2
c )

k2
BT . (41)

3.5 Drude Model

In this subsection, we consider exponentially correlated heat bath whose memory friction is
given by

γ1(t) = mγ

τc

e
− t

τc . (42)

The Fourier transform of memory friction gives us

γ̃1(ω) = mγ

1 + ω2τ 2
c

, (43)

which is most familiar as Drude spectrum. Now, the required expressions for I1 and I2 are
as follows

I1 = m2γ (1 + ω2τ 2
c )D − 2m2ω2γ τ 2

c C

m2C2(1 + ω2τ 2
c )2 + m2γ 2ω2

ω→0� γ

ω2
0

.

Similarly,

I2
ω→0� γ

ω2
0

+ γ

ω2
0

− 2
γ

ω2
0

= 0.

Thus, free energy of this model system with exponentially correlated heat bath is given by

F(T ) = −π

2
�γ

(
kBT

�ω0

)2

. (44)
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Hence, the decay behavior of entropy with temperature is again linear which is same as that
of Ohmic model. Now, we discuss the case without the confining potential, ω0 = 0. For the
charged particle in a magnetic field in contact with a exponentially correlated heat bath:

I2(ω)
ω→0� − 2γ

(γ 2 + ω2
c )

, (45)

and I1 = 0. Thus, the free energy becomes

F(T ) = − πγ

3�(γ 2 + ω2
c )

(kBT )2, (46)

and entropy is given by

S(T ) = 2πγ

3�(γ 2 + ω2
c )

k2
BT . (47)

3.6 Radiation Heat Bath

As an example of the coupling between the system coordinate (velocity) and environmental
velocities (coordinates), we consider a one electron atom interacting with the radiation field
[71, 73]. Although, the coordinate–coordinate coupling is equivalent to cordinate (velocity)–
velocity (coordinate) coupling [70], the memory friction function for the radiation heat bath
model depends on frequency slightly different manner compare to other cases described
in this section. This results in different temperature dependence of thermodynamic quanti-
ties for the radiation heat bath model. In this case, the Fourier transform of the associated
memory friction function is given by [73]

γ̃1(ω) = 2e2ω�′2

3c3(ω + i�′)
, (48)

where e is the charge of the radiation field, c is the velocity of light, �′ is the large cut-off
frequency. Thus,

I1 = 3ω2
0τeω

2 + τ 3
e ω2

0ω
4 − τeω

4

[(ω0 − ω2)2 + ω2ω4
0τ

2
e ](1 + ω2τ 2

e )

ω→0� 3τe

ω2
0

ω2,

where τe = 2e2

3Mc3 and M = m + 2e2�′
3c3 = renormalized mass. Similarly one can show that

I2 = 0. Thus, the free energy for the model system with radiation heat bath is given by

F(T ) = −π3

5
�ω2

0τe

(
kBT

�ω0

)4

. (49)

The decay behavior of the entropy is given by the following expression:

S(T ) = 4π3

5
kBω0τe

(
kBT

�ω0

)3

. (50)

So, the decay behavior is much faster compare to the other cases discussed in this section.
Now, in the absence of confining potential we have I1 = −τe and I2 = −2τe − 2τe

ω
ωc

. In the
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low temperatures, this leads to F(T ) ∼ − π2

3 �ωcτe(
kBT

�ωc
)3 and S(T ) ∼ π2kBωcτe(

kBT

�ωc
)2. So,

the absence of confinement changes the temperature dependence as well as the prefactors
for the low temperature thermodynamic quantities. Thus entropy vanishes as T → 0 but the
temperature dependence and prefactors differ from that of (55).

3.7 Arbitrary Heat Bath

The heat bath is characterized by the memory friction function γ̃ (z). According to Ford et al.
[52, 53], it should be positive and must be analytic in the upper half plane and must satisfy
the reality condition

γ̃1(−ω + i0+) = γ̃ (ω + i0+). (51)

Now, according to Ford et al. [52, 53] the memory function must be in the neighborhood of
origin as follows:

γ̃1(ω) � mb1−ν(−iω)ν, (52)

where −1 < ν < 1, and b is a positive constant with dimensions of frequency. Thus, the
scalar susceptibility of the model system in the absence of the magnetic field is given by

α(0)(ω) = 1

m(ω2
0 − ω2) + mb1−ν(−iω)1+ν

. (53)

Thus,

I1 = b1−νων cos( νπ
2 )[(1 + ν)C + 2ω2]

|C + b1−ν(−iω)1+ν |2
ω→0� (1 + ν) cos

(
νπ

2

)
b1−ν

ω2
0

ων,

and

−I2
ω→0� 2(1 + ν) cos

(
νπ

2

)
b1−ν

ω2
0

ων − 2(1 + ν) cos

(
νπ

2

)
b1−ν

ω2
0

ων = 0.

Hence, free energy of the model system with such arbitrary heat bath is given by

F(T ) = −3
(ν + 2)ζ(ν + 2) cos

(
νπ

2

)
�b3

πω2
0

(
kBT

�b

)2+ν

. (54)

Finally, entropy of the system is

S(T ) = 3
(ν + 3)ζ(ν + 2) cos

(
νπ

2

)
kBb2

πω2
0

(
kBT

�b

)1+ν

. (55)

Since (ν+1) is always positive, entropy, S(T ), vanishes as T → 0. Let us discuss the ω0 = 0
case. For this case, we have

I1
ω→0� (1 − ν)bν−1ων−1 cos(νπ/2)ω−ν, (56)
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and

I2
ω→0� −2(1 − ν)bν−1ων−1 cos(νπ/2)ω−ν − 2(1 + ν) cos(πν/2)

b1−νων−1

ωc

. (57)

Thus the free energy becomes

F(T ) = −
(ν + 1)ζ(ν + 1) cos(νπ/2)
�b2

πωc

(
kBT

�b

)ν+1

. (58)

Finally, entropy of the system becomes

S(T ) = 
(ν + 2)ζ(ν + 1) cos(νπ/2)
kBb2

πωc

(
kBT

�b

)ν

. (59)

4 Velocity–Velocity Coupling

In this section, we consider the second atypical case of dissipation where the velocity of the
system is coupled with the velocities of the heat bath. This kind of coupling is not examined
thouroughly so far. To generalize previous studies that has been concentrated on position–
position coupling only, we focus on the velocity dependent coupling scheme in this section.
This velocity–velocity (v–v) coupling scheme practically exists in electromagnetic prob-
lems such as superconducting quantum interference devices [9–12] or in electromagnetic
field [73]. The spectrum of the friction memory function is completely different from that
of coordinate–coordinate coupling scheme. The Fourier transform of the memory friction
function is given by

γ̃2(ω) = 2mγω4


2ω2 + (�2 − ω2)2
. (60)

The expressions for I1 and I2 for this particular scheme are as follows

I1 = 2m2γω4DA + 8m2γω4AC − 2m2γω5A′C
m2(CA)2 + 4m2γ 2ω10

ω→0� 10γω4

ω2
0�

4

and

−I2
ω→0� 10γω4

ω2
0�

4
+ 10γω4

ω2
0�

4
− 2

10γω4

ω2
0�

4
= 0.

Thus, the free energy of the charged oscillator in the presence of an external magnetic field
for velocity–velocity coupling scheme is given by

F(T ) = −144π5

189

(
ω0

�

)4

�γ

(
kBT

�ω0

)6

. (61)

The decay behavior of entropy with temperature becomes as follows:

S(T ) = 864π5

189�

(
ω0

�

)3

kBγ

(
kBT

�ω0

)5

. (62)
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Fig. 2 (Color online) Plot of
ln(S) versus dimensionless

inverse-temperature hω0
2πkBT

for
the without dissipation case (red
filled circle), for the
coordinate–coordinate (c–c)
coupling (blue filled square), for
the radiation heat bath scheme
(black filled diamond) and for the
velocity–velocity (v–v) coupling
(pink filled triangle) schemes. To
plot this figure, we use
�γ
�ω0

= 1.0, �ωc
�ω0

= 0.5, 

� = 1.0,

ω0
�

= 2.0, ω0τe = 1.5. Also we
use �ω0 = 1.0 and kB = 1.0

Now, we analyze the same case without the harmonic confining potential. For ω0 = 0, we
have:

lim
ω→0

I2(ω) = − 16γ

�4ωc

ω3 − 12γ

�4
ω2, (63)

lim
ω→0

I1(ω) = −6γ

�4
ω2. (64)

Now, the free energy becomes

lim
T →0

F2(T ) � 6γ

�3�4
(kBT )4
(2)ζ(3). (65)

Thus, the entropy maintains the following power law:

lim
T →0

S(T ) = 24γ

�3�4
(kBT )3
(2)ζ(3). (66)

Again, the prefactor as well as the temperature dependence are very much different from
that of a confined particle (62). Again as T → 0, entropy vanishes (S(T ) → 0) in confor-
mity with Nernst’s theorem. The velocity–velocity coupling scheme is the most beneficial
coupling scheme to ensure third law of thermodynamics.

To demonstrate the distinguishing decay behavior of free energy for the above mentioned
coupling schemes, we show the semi-log plot of entropy as a function of inverse of temper-
ature. From this plot, one can conclude that the thermodynamical functions of velocity–
velocity (v–v) coupling scheme exhibit a markedly faster decaying behavior than the other
heat bath schemes. This can be easily understood by observing their corresponding friction
spectra. This is seen that the friction function of the velocity–velocity coupling scheme (60)
is much more strongly dependent on frequency than the other schemes. This enables the
system to behave much stronger decay behavior in the low temperature regime.

5 Conclusion

In this work, we have analyzed the low temperature quantum thermodynamic behavior
in the context of cyclotron motion of a charged harmonic oscillator with different heat
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bath schemes. The free energy for our system consists of the charged quantum harmonic
magneto-oscillator in an arbitrary heat bath is derived by using the “remarkable” formula
of Ford et al. [69, 70] which involves only a single integral. One can exactly calculate this
integral at low temperature limit. Hence, the low temperature thermodynamic functions can
be derived explicitly. Mainly, the decay behavior of entropy with temperature is studied for
the charged magneto-oscillator. Thus, the validity of the third law of thermodynamics is
established in the quantum regime for the cyclotron motion of the charged oscillator with
atypical coupling.

In the absence of dissipation, thermodynamic functions decay exponentially to zero. The
presence of finite quantum dissipation changes this well known Einstein like behavior of
exponential decay of entropy into a weaker power law dependence in friction and tempera-
ture even in the presence of an external magnetic field. Different thermodynamic functions
decay much faster with temperature in the presence of anomalous coupling than the usual
coordinate–coordinate coupling. It can be concluded from the observation of fast decay of
entropy that the velocity dependent coupling is advantageous to ensure third law of thermo-
dynamics. In that sense the velocity–velocity (v–v) coupling is the most helpful scheme to
restore third law. It is seen that the thermodynamic entropy for our system vanishes accord-
ing to a power law in temperature with the same exponent that characterizes the frequency
dependence of the memory friction function in the limit of vanishing frequency (ω → 0).
For ω0 �= 0 case, the slope of the decay curve depends on friction, γ , and the confining
harmonic oscillator frequency, ω0. Also, one can note that low temperature thermodynamic
functions are independent of B in all the instances discussed in this work except the case of
without dissipation for ω �= 0. In the absence of confining potential, the decay behavior of
entropy with temperature maintains the same kind of power law as that of ω0 �= 0. But, the
slope of the decay curve for ω0 = 0 differs from that of ω �= 0 case. The slope in the absense
of confinement depends on γ , cut-off frequency of the heat bath and also on the cyclotron
frequency, ωc . From this analysis we can conclude that quantum dissipation is an integral
aspect of nanostructures at very low temperature. Apart from that we can also say that the
effect of boundary is also significant in determining low temperature thermodynamic quan-
tities for a dissipative charged magneto-oscillator.

The results obtained from this kind of analysis are not only of theoretical interest but it
can be found to be relevant for experiments in nanosciences where one wants to examine the
validity of quantum thermodynamics of small systems which are strongly coupled to heat
bath [19–22, 74], in fundamental quantum physics, and in quantum information [43–47].
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